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ABSTRACT 
Let y(x) be a non-trivial solution of the differential equation y”+p(x)y=O. In this paper we 
extend to the zeros of the derivative y’(x) some known results on the zeros of y(x). 
In addition let cbk be the kth zero of the derivative C;(X) with respect to x of the general Bessel 
function C,(x) = A.!,(x) + BY,,(x) where J,(X) and Y,(X) are the Bessel functions of first and second 
kind, respectively. We show that c;,~+~ /cbk decreases to 1 as k increases, m = 1,2, . . . . 
Finally we show that the Wronskian @‘(elm, &) < 0 if &<I& (except in the case cLl> v> ykr); 
here C& and ybk and zeros of the derivatives of two Bessel functions of the same order, not neces- 
sarily linearly independent. 
1. INTRODUCTION AND BACKGROUND 
Let xi be the kth zero of the derivative y’(x) of a non-trivial solution of the 
differential equation 
(1.1) y”+p(x)y=O. 
In this paper we extend to xi some known results on the zeros of y(x). Precisely 
we show that if p(x) > 0 in (1.1) increases on the interval (4 b), then 
x~-x~rx;--x;... . 
If p(x) decreases on (4 b), the inequality sign in the result is reversed. 
In addition we are concerned with the monotonicity in k of the quantity 
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c :,k+m/C:kt where c,& is the kth zero of the derivative of a general Bessel 
function; that is of C;(x) =A&&) + BY:(x) where the real numbers A,B are 
independent of x and v, J,(X) and Y,(x) are the Bessel functions of first and 
second kind, respectively, and the prime indicates the derivative with respect to 
x, Precisely, we extend to c:k some results obtained by Larch [S] for the zeros 
c& of the general Bessel function showing that 
(1.2) CL;:- 11 as kincreases, m=1,2 ,.... 
As in the analogous case in [8] we use (1.2) to prove the determinantal inequality 
(1.3) T= ‘:k 
G,k+l <o. 
c:,k+ 1 C&k-t-2 I 
KarIin and SzegG [4] named the determinants of this type Turanians. 
Our interest is also in the Wronskian W(Y$,&). We obtain a result 
analogous to that of Larch [8] by proving that except in the case cG1 > v > y{i, 
(1.4) W(Y;kdm)= 12, 2~ 1 co, Vzo, 
where the notation is arranged so that Y&c c:, and the superscript (1) indicates 
the derivative with respect to v. 
Our principal tool is the Sturm-Picone theorem and the main idea is to use 
what Larch [7] called the simultaneous monotonicity in v and x of the function 
I&(X) in a differential equation 
y” + @,(x)y = 0. 
In [l] and [S] it has been shown that this idea is useful for obtaining results on 
the spacing of the zeros of some classical orthogonal polynomiaIs. But in the 
present case the monotonicity in v and x of the function G,(X) > 0 is used in the 
case of the differential equation 
zt ' I 1 - +z=o. #v(x) 
In fact, given the self-adjoint linear differential equation 
(l-5) b-wY’l’+P(~)Y = 0 
where T(X) and p(x) are continuous and positive on an interval I, it is pointed out 
(compare for example [6]), that the self-adjoint differential equation 
z’ i 
I;;-1 
z 
(x) +,o=O 
is satisfied by Z(X) = r(~)y’(x), where y(x) is any solution of (1.5). 
For our purposes, the following form of the Sturm-Picone theorem will 
prove very useful; compare [14, pp. 2, 31 and 13, pp, 225-2261. 
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LEMMA 1.1. (Sturm-Picone theorem), Given the self-adjoint linear second 
order differential equations 
/UE$ u(x) 2 +c(x)u=O [ 1 
Lu=i A(x) $ +C(x)u=O [ 1 
on a bounded open interval a<x<P where a(x), A(x), c(x), C(x) are real-valued 
continuous functions and a(x), A(x) > 0 on [CX, p]; suppose a(x) >A(x) and 
c(x) c C(x) in the interval a<x<fi. If there exists a non-trivial real solution u of 
lu = 0 such that U(U) = u(p) = 0, then every real solution of Lo = 0 has at least 
one zero in (a,/3). 
REMARK 1.1. Following the lines of the argument given in [14] it is possible to 
show that the conclusion of Lemma 1 .l remains valid if the hypothesis 
c(x)<C(x) is replaced by c(x)sC(x). However the theorem also holds if u is 
zero at one or both of a and p. 
The integral representation [ 15, p. 5 lo] 
c$ cash 2t - v~)Ko(~c{~ sinh t)c2%lt 
where K&X) is the modified Bessel function of order zero, will be another 
important tool that we will use. 
2. A GENERAL THEOREM 
In this section we adapt to the zeros of v’(x) SzegG’s elegant formulation of a 
very simple consequence of the Sturm comparison theorem. It runs as follows 
[12, p. 186; 13, p. 201. 
LEMMA 2.1. If f(x) is monotonically increasing on the interval (a, 6) and if a 
solution u(x) of the differential equation y” +f(xly = 0 has consecutive zeros at 
x1, x2, x3 on (a, 6), then 
If f(x) decreases on (a? b) the inequality sign in the result is reversed. 
REMARK 2.1. Incidentally we observe that E. Makai [lo] has given a more 
general formulation of this Lemma involving the half-waves, while P. Hartman 
and A. Winter [2] found some results on the quarter-waves. Now we can 
enunciate the principal result of this section. 
THEOREM 2.1. If f(x) >0 increases on the interval (a, b) and if a solution u(x) 
of the differential equation 
(2.1) y”+f(x)y=O 
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is such that y’(x) has consecutive zeros at xi,&, x3 on (a, b), then 
(2.2) x; -x;<x; -x;. 
If fix) >O decreases on (4 b) the inequality sign in the result is reversed. 
PROOF. The differential equation 
(2.3) 5 ‘+z=O 11 
is satisfied by z(x) =y’(x) where y(x) is a solution of (2.1). Since f(x) is an in- 
creasing function, we have l/f(x) < l/fx- d), where d=xi -xi >O. Now we 
compare (2.3) and the following equation, Z’ ‘ 1 1 (x-d) +Z(x)=O 
satisfied by Z =z(x-- d). The function Z(x) = z(x- d) has two consecutive zeros 
at xi, xi + d, and the function z(x) has two consecutive zeros at xi, xj . Then an 
application of the Sturm-Picone theorem gives 
x;<x;l+d, 
that is 
If f(x) decreases, a similar argument shows that xi -xi <x4 -xi, and this 
completes the proof. 
Now we consider the differential equation 
satisfied by the function y =xtC,,(x) and, in addition, the new differential 
equation 
(2.4) 
[ 
zf f 
1 - (9 - +)/x2 1 +z=o 
satisfied for 1 v 1 13 by the function z = y’(x). 
Then we seek information about the differences of the zeros fvk and x,k of 
two solutions of (2.4). The proof of the following result runs along the same 
lines as that of theorem 2.1. 
COROLLARY 2.1. Let x,,~ and tvk be the kth zeros of the functions C(x)+ 
+2xC:(x) and Z,,(x) + 2xZ:(x) on the interval [(v2 - $)t, oo), where C,(x) and 
Z,(x) are two general Bessel functions, respectively. Then for e 10, ) v 1 > + and 
x,,,k < t,, we have 
t v,m+l -fvm<Xv+~,k++ -Xv+e,k* 
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REMARK 2.2. The result of corollary 2.1 has already been noted in [9, p. 3621 
as a consequence of a general, but more complicated theorem. Incidentally we 
observe that Muldoon [ 1 l] studied the monotonicity of the difference of the 
zeros of the more general function pJ,(x) +xJ{(x) which reduces to our function 
J,(x) +2x4,(x) when p = 3. 
3. MONOTONIC RESULTS AND TURANIANS 
The differential equation 
y”+ (e2”- v2)y=0 
is satisfied by the function y,, = C,,(eX) [15, p. 991, hence for x> log 1 v 1 (see the 
introduction) the function z, =y$~) is a solution of the differential equation 
(3.1) ,&z’ ‘+z=o. 
[ 1 - v2 
Let C,(x) and Z,(X) be general Bessel functions not necessarily linearly indepen- 
dent, with yLk and zik denoting the zeros of the derivatives C;(x) and ZXX), 
respectively, where for a fixed pair of positive integers k and m 
(3.2) Z:+c,k=%n 
for ~10. 
Besides (3.1) we consider the differential equation 
[ 
W’ 1 I (3.3) &X-h)-(v+@2 +w=o 
for x> log 1 v+ E 1 + h, satisfied by the function W,(X) = zV+ ,(x- h) where h = log 
Y im-log z:+~,~ is positive in accordance with (3.2). In the notation of the 
Lemma 1.1 we have 
A(x) = 
1 1 
eb - 9’ a(x) = &x-h) - (v + ,132’ c(x) = C(x) = 1. 
The functions z,(x) and z,+ E(eX-h) both vanish at x = log yGm and it is easy to see 
that a(x) > A(x). 
Then the next zero of C:(eX) precedes, by Lemma 1.1, the next zero of 
CGfE(eXWh). Hence we have log Y{,m+N<log z:+~,~+~+Iz, (N= 1,2, . ..) so that 
<&,k+N Y: m+N , 
, v10. 
Y’ VtT7 &+c,k 
This establishes the following result, 
THEOREM 3.1. Let y:k and z:k be the kth zeros of the derivatives of the general 
Bessel functions C,,(x) and Z,(X), respectively, and let for a fixed pair of 
positive integers k and m 
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Then 
YC m+N (3.4) --y--c Z’+‘3k+N, N= 1,2, . . . . vr0. 
YVWI &+E,k 
REMARK 3.1. As a particular case of (3.4) we have for E = 0, zGk = Y& = cik, 
m=k+l,N=l 
&,k+2<c;,k+ 1 
c:,k+ 1 (%k 
, vzo, k=1,2 ,..., 
that is 
“yk+m 1 with k--+03, 
Gk 
from which the result (1.3) follows. 
The asymptotic formula [15, p. 5071 
c :,=(n+v/2+~)71--+o(n-‘), vzo 
where a is independent of n and v, can be used to prove the more precise result 
“ykim 1 I with k-03, 
c:k 
4. THE WRONSKIAN 
In this section it will be shown that for Y;k c c;, 
(4.1) w(y;k,c;,)<o, vzo. 
We indicate the derivative with respect to v of y& and c:, by y$) and c$), 
respectively. With this notation the Wronskian is 
The integral formula (1.6) gives 
K0(2cL, sinh t) - 
y;; cash 2t- v2 - 
y:: - v2 
&(2y;k sinh t) 
I 
e-2vcdt. 
Since the function Kc(x) decreases with x, to prove (4.1) it will be sufficient to 
show that 
C 1; cash 2t- v2 
c r2 - v2 
< y;; cash 2t - v2 
vm g&v2 - 
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But the last inequality can be written (except in the case cl1 > v > r{l) in the form 
(4.2) (&7 - y$) cash 2t > c:“, - r;;. 
The validity of (4.2) establishes (4.1). 
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